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Abstract 

In the state- vector space for relativistic quantum fields a new set of basis vectors are introduced, 
which are taken to be eigenstates of the field operators themselves. The corresponding eigenvalues 
are then interpreted as representing matter waves associated with the respective quantum fields. 
The representation, based on such basis vectors, or the wave-representation naturally emphasizes 
the wave aspect of the system, in contrast with the usual, Fock or particle-representation empha- 
sizing the particle aspect. For the case of a relativistic, free neutral field, the wave-representation is 
explicitly constructed, and its mathematical properties as well as physical implications are studied 
in detail. It is expected that such an approach will find useful applications, e.g., in quantum optics. 
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I. INTRODUCTION 



In discussing various problems of particles and fields it is customary to base the formalism 
upon the Fock space in which the basis vectors are taken to be eigenstates of the partcle 
number operators Q|. Everything is expressed here in terms of those particles that arise 
from the quantum fields concerned. Thus, for example, the vacuum state is identified with 
the state in which no particles exist. Such a way of expressing quantum fields, or the Fock 
representation, is the one emphasizing the particle aspect thereof, hence may be called the 
particle-representation of quantum fields. The particle aspect is thereby made diagonal, so 
to speak. 

From the standpoint of the wave-particle duality of matter, however, we must admit 
that the above-mentioned approach is concerned only with a half of the story. That is to 
say, another half, i.e., the wave aspect of quantum fields is, to some extent, pushed to the 
background of the scene. Thus, invoking the transformation theory of quantum mechanics 
we can equally expect the existence of an alternative representation in which the wave aspect 
is made diagonal, that is, the wave property comes to the foreground. Such a representation 
will hereafter be called the wave-representation, and this should therefore be the one that is 
complementary to the particle-representation. 

Now as a matter of course the wave property of quantum fields is most explicitly embodied 
by the field operators themselves, and their eigenvalues are to be understood as representing 
the corresponding matter waves. Thus, in the wave-representation we choose its basis vectors 
to be eigenstates of the field operators . In what follows a detailed study will be made of 
various problems concerning this representation. 

For this purpose we consider, as an example, the simplest case of relativistic fields, that 
is, a free neutral scalar field t), being given in the conventional notation as 




where h = (the Planck const. )/27r, = cyk"^ + jjfi,jJi = mc/h and kj = (27r /L)nj with 

Uj = 0, ±1, ±2, ■ ■ ■ (j = 1,2,3). The corresponding momentum operator 7r(x, t) is then 
written as 

vr(x, t) = -2 ^ V^^S" l''^^) e'^^"^-*'^^* - a\k) e-*^^-^+^-^*|. (2) 

k 
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Here, the operators a{k) and a^{k) are supposed to satisfy the usual commutation relations: 
[a{k) , {k')] = 5^^, and [a{k), a{k')] = 0. Our problem is then to solve the eigenvalue 
problems of the operators or vr. 

Before doing so we must make a few remarks, however, (a) Since [(j){x,t),(j){x',t')] = 
[tt{x, t), tt{x', t')] = does not hold true for t ^ t' in general, we must be content with solving 
the eigenvalue problems for equal-time quantities, e.g., 0)'s or 7r(f, 0)'s. Incidentally, 
such a situation may be contrasted with the case of non- relativist ic fields, where the field 
commutativity for t ^ t' as well as t = t' holds true in most of the interesting cases: cf. for 
example P]. (b) There are, in fact, two ways of dealing with our problem, depending on 
which space — the x- or k- space — is discretized. In what follows we adopt the latter way, as 
already done in (1) and (2). In this case the eigenvalues become some continuous functions 
in X, to express the spatial shapes of matter waves concerned . (c) As will be shown in sect 
6, our wave-representation turns out mathematically to be inequivalent with the particle- 
representation. What we would like to do here, however, lies in formulating both wave 
states |wave > and particle states [particle > within one and the same representation, so 
that the usual, complementary interpretation about the wave-particle duality is retained, i.e., 
< wave I particle >7^ in general. Thus, we shall restrict our consideration beforehand to a 
finite region of the discretized k- space. In this way we avoid the mathematical complications 
inherent in the system of infinite degrees of freedom. 

In view of all this we shall hereafter consider, instead of (jT} and the operators of the 
following, rearranged and restricted forms: 

'^(^>0) = W-^^a(0)+at(0) 




keK ' 



{a{k) + a^{-k)) e''''^ + {a{-k) + a\k)) e"*^^ 



TT[X, 



o) = -i/^{«(o)-«^(o) 



(3) 



V; 

k&K 

Here K denotes some finite part of the region K, whereas K is defined as an arbitrarily chosen 



half of the fc-space, excepting k = 0, e.g., the region with > 0, excepting rii = n2 = = 0. 
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Now in these forms the commutabihty [a{k) ± d^{—k),a{k') ± d^{—k')] — (under the 

— * — * 

usual double-sign convention) holds true for all k and k', hence our eigenvalue problem is 
essentially reduced to those of the operators (a(0) ± a^(0)) and of (a(fc) ± a^{—k)) with 
k E K. Then, simultaneous eigenstates of all ^(x, 0)'s or of 7r(a;, 0)'s are simply given as 
direct products of eigenstates of the above-mentiond operators. 

In view of this we begin in sect 2 and sect 3 with studying one- and two-mode systems 
described, respectively, by one set and two sets of creation and annihilation operators. Here 

— * J. ~* 

the required eigenstates are explicitly given in terms of the basic operators a{k) and a'{k). 
In sect 4 we turn our attention to some mathematical relations arising from our problem, by- 
products being various formulae to relate Hcrmitc to Lagucrrc polynomials. Sect 5 is devoted 
to eigenvalue problems of field operators 4>{x, 0) and t:{x, 0), and the wave- representation is 
constucted explicitly. 

On the basis of the results in the preceding sections we introduce in sect 6 a new kind 
of vacuum state, or the wave-vacuum as the ground state of the wave-representation, and 
examine how this vacuum differs from, and relates to, the usual vacuum in the particle- 
representation, or the particle-vacuum. Lastly in sect 7 two further remarks arc added. The 
first is concerned with two different meanings which the word superposition has in quantum 
field theory, and the second with applications of our wave-representaion to the cases of 
the electromagnetic and other fields. Details of mathematical proofs are all relegated to 
Appendix 1~ 5. 

II. STATE VECTORS OF ONE - AND TWO -MODE SYSTEMS 

In this section we study some basic properties of state vectors for one- and two-mode 
systems, described respectively by a and and by a,a\b and b^, where [a, — 1, [b, b^ — 1 
and [a, b] — [a, b^ — 0. In so doing we shall base our arguments exclusively on the algebraic 
properties of these operators. 

A. Case of one-mode systems 

We begin by considering a one-mode system described by a and a"!" and re-derive some of 
the well-known results purely in an algebraic manner. First we note that the eigenstates of 
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the operator (a + ea^) with eigenvalue ^ are given in the form 

|e;e>=^e-l^l^/^e-(«^)V^e^«>>, (5) 

where e = ±, |0 > is the state satisfying a\0 >= and < 0|0 >= 1. Here we see also ^* = e^, 
so that for e = +(— ) all eigenvalues ^ are real ( pure imaginary): C,r {C, = — C = '^^i)- 

This should be so, because the above operator with e = +(— ) equals essentially \/2g (V^ip) 
in the usual notation for canonical variables. In fact, using ^ we can easily confirm that 

(a + eat)|e; e >= ^1^; e >, < + ea^) =< elef- (6) 

To do this we have only to note that exp[e(a^)^/2](a + ea^) exp[— e(a''")^/2] = a. As shown in 
Appendix 1 we see also that the following relations hold true: 

< C; +\^r; + >= S{C - 60, < - >= m - ^^), (7) 
<C';-|en+>=y^e-^«^«^^ (8) 

/OO /'OO 
d^r\^r;+><Cn+\=l, / l^U - >< -\ = I. (9) 

-OO J — OO 

On the other hand, the eigenstates \n > of the operator a^a with eigenvalue n{= 
0, 1, 2, ■ ■ ■ ) are given as usual by 

\n >= ^(at)"|0 >, (10) 
vn! 

and satisfy 

a^a\n >= n\n >, < n\n >= 6nn', 

\n >< n\ = I. (11) 



As proved in Appendix 2, we then have 



< n\^r;+>= J^i^ ^n(e.), (12) 



'ZTcnl 



where if„(x)'s are Hermite polynomials with n = 0, 1, 2, 
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From ()12p and ()13p we obtain at once 

1 °° 1 

l^r;+ >= 7^-TT7i e-^^^/7„(e)|n>, (14) 



V ) V 'i. 



which for the cases = or = result in 



0:+ >= 



1 -ir 2n-l !! , , , 

— ^ ) ' 2n>, (16) 



00 



1 ^(2n-l)!! , , , 

0; - >= -TT-r^^ > ^ , ' \2n > . (17 



The converse of the relation (jl4p . for example, turns out to be 



\n >-- 



/ d^r e-^"/^H4^r) le.; + > . (18) 
Thus for n = 0, in particular, the above relation becomes 

1 ^ 1/4 

|0>=(-) / d^re-^r/^\^r;+>, (19) 

which corresponds to a Gaussian wave-packet made up of the \^r',+ >'s. 
B. Case of two- mode systems 

Let us now turn to the case of a two-mode system. State vectors for such systems can, 
of course, be given as the direct product of those of type (0) for the respective one-mode 
systems. In fact, the state 

V 27r 

with |0 > being such that a\0 >= b\0 >= and < 0|0 >= 1, provides a simultaneous 
eigenstate of the operator (a + ea^) and (6 + e'6^), satisfying 

(a + eat) ^. e' >= ^|^, r]; e, e' >, (6 + eV) |e, v, e, e' >= ^1^, V, e, e' >, (21) 
< C,^;e,e'|(a + eat) =< 77; e, e'le^, < ^; e, e'|(& + eV) =< ^, r/; e, e'|eV, 

(22) 

where e, e' = ±. 



III. ANOTHER TYPE OF BASIS VECTORS FOR TWO-MODE SYSTEMS 



It is more convenient for our present purpose, however, to employ another type of simul- 
taneous eigenstates |.^,e^* >, defined by 

l^^eC >= ^e-l«l'/2 e— e^'^'^'^*'' \0 > . (23) 



That this is a simultaneous eigenstate of (a + eb^) and {b + ea^) can be seen in a way similar 
to the case of 

{a + eb^)\^,eC >=^\^,eC >, ib + ea^)\^,eC >= eC\^,eC >, (24) 
< e, eri(« + efe^) =< erie, < eri(& + eat) =< ,^*|,^*. (35) 

Unlike the previous case the eigenvalues ^ and e^* here are complex numbers in general. 
For the state-vectors ()23|) the following relations are then shown to be true: 



< ene, ec >= - am - co, (26) 

< e^ -ne,r >= ^^^p( ^"^ 2 ^'^1 = ^"^^0^^-^- ~ ^-^-0' ^^^^ 

where we have put ^ = + i^i, and similarly for Proofs of these relations are given in 
Appendix 3. 

On the other hand, simultaneous eigenstates of the operators a^a and b^b, with eigenvalues 
being n and m respectively, are given by 

|n, m >= (at)"(6t)-|0 >, (28) 

vn!m! 

and satisfy 

a^a\n,m >= n\n,m >, b^b\n,m >= Tn\m >, (29) 
< n' ,m'\n,m >= 5nn'5mm' , |n, m >< n, m| = I. (30) 

n,m 

As shown in Appendix 4 the following relations then hold true: 

<n,m|e,er>=^^/^e-l«l'/2r-'"(-e)'"Lr"^(|eP) for n - m > 0, 
Vvr V ^' 



<n,m|e,6r >=^V^eH«l'/2(er)™-"(-6)"Lr"(ier) for m-n>0, 
/vr V m! 



(31) 
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where L™(x)'s denote associated Laguerre polynomials, defined by 



1 

n! 



(e ^x"^"^) — ^ ^ ( — 1)'' n+mCn 



r=0 



X 



(32) 



Incidentally , the appearance of Laguerre polynomials in certain Fock-space problems has 
been known for some time: see for example 3|, y, |5[. 

Using and the last relation in (jHUj) we can express e^* > in terms of |n, m >: 




n=0 m=0 

oo m—l I j~ 

+ E E V^(^rr-"(-erL— (len |n,m >}. 

m=l n=0 



(33) 



A straightforward calculation by use of (jHHj) leads us then to the completeness relation: 

/oo 
d^i\i,tC><i,tC\=\ (34) 
-oo 

where J d^^ = J^^d^r f^^d^i. Calculational details are given in Appendix 5. The relation 
together with shows that the basis vectors e^* >'s form a complete ortho-norma/ 
system. 

The converse relations of ()33p can also be obtained from ()3H) and 

1 ml 

./tt V n\ 



\n,m > 



^ J d'^e-\^\'/'C-"'{-erLl'"^{\e) le, eC > for n - m > 0, 

>=±.m f d'^e-\^\'l\eCr-''{-erL^-{\e)\i.^C> for m - n > 0. 
VTT V m! y 



Similarly, by use of relation (jTTj) we can express, e.g., |^,^* > in terms of |^, — ^* >'s: 



1 



if,-r>. 



(35) 



(36) 



Thus for a state | >= / ^^^^(0 > with ^(0 > we find by virtue of ^ 

that 



[a 



(37) 
(38) 
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By putting n = m = in and ^ = ^* = in we obtain respectively 

|n = 0, m = >= ^ [ d^^ e-l«l'/' 1^, C >, (39) 



and 

le = 0,r = 0>= |n,n>. (40) 

The norm of po|l is diverging because it is normalized according to (j26|) . The above relation, 
flH9|l and ()4()j) . exihibit the complementary nature between the description using \n,m >'s 
and the one using |^,.^* >'s. 



IV. MATHEMATICAL ASPECTS OF THE PROBLEM 

In this section we make a digression to give a few remarks of mathematical nature. Some 
interesting mathematical formulae are also derived as by-products. 

A. Eigenstates of the operator a^a 

Let us first consider the matrix element of the operator a^a with respect to two states of 
type ® withe = + {^ = ^„^' = Q: 



<^';+|ata|e;+> = lim ^ [f-- ^ ^ ^ - - ~ ^ ^ ^.-(^-^4^ 

d^O 9.\/'n-d. L V 



2 A 2d 4rf2 ' 



1 f2 a2 

-7; + ^-7-^)^(^-0, (41) 



2 4 (9^2, 

where we have made use of a technique as mentioned in Appendix 3. By virtue of ()41|) the 
eigenstate |\l/„ > of the number operator a^a with eigenvalue n can be written as 



Assuming an exponential damping for |,^| oo and putting < ^; >= e ^^^"^fniO^ 'we 

find from (ggi that 

^/n(O-e^/n(O+n/n(O=0. (43) 

As is well known, the solution of (j43j) is given in terms of Hermite polynomials Hn{C) with 
eigenvalue n = 0, 1, 2, ■ ■ ■ , so that |\E'„ > agrees with \n > of ()18|). It is worth emphasizing 
here that the interpretation of a^a as the number operator is made possible only under the 



above-mentioned boundary condition (another, exponentially increasing boundary condition 
is to be physically excluded). 

Let us next rewrite the left-hand side of (PT|) by use of (fT^ ) as follows: 



< +\a^a\^] + > = ^ n < +\n >< n\^] + > 

n 



n 

Combining this with (jlT|) we obtain a mathematical formula for real x and y such that 

1 92 

, , , e"^-^ h„{x)h„{v] = I - 

^2tt^ n! 

n 

It is also easy to generalize this to 



(44) 



(45) 



1 ^ ^ HAx)HM = P(-1 + r _ ,). (46) 



where P{n) is an arbitrary polynomial in n. 



B. Simultaneous eigenstates of the operators a^a and b'^b 



Performing an algebraic calculation similar to, but more lengthy than, the above we find 
the matrix elements of the operators a^a and 6^6 with respect to two states of type (j^!^ with 
e = + to be 



<e,riat«ir,r> 



1 le? i d B \ 



1 / 92 92 

+ 



- + -i-^ 

2 4 



- am - 

d 



(47) 



— — 



1 / 92 



+ 



92 



(48) 



4V9e' ' aef^ 

When use is made of fITTj) and (jiH|) the simultaneous eigennstate I'^nm > of the operator 
a^a and 6^6, with eigenvalues being n and m respectively, can be written as 



2 
1 



1 / 92 92 

+ 



<e,ri*nm> 



^ S ) S I ^ nm 



(49) 
(50) 
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Assuming again an exponential damping for |^| — > oo and putting < ^,^*|\I/„m >= 
(^*)"e-l«l'/2j^^(|^|2) obtain from ^ and 

ler fLm') + («+!- lep) fLiie +{n-a) fum = o, 

ler + (a + 1 - ler) /;.(ier + ^ fnuie) = o, (si) 

where the primes attached to / mean the derivative with respect to For the above 

two equations to be compatible we must have a = n — m, and the solution of ()51|) is 
/nm(I^P) oc LJ^'^d^p) for n — m > 0, thus agreeing with (jHTj) . On the other hand, if we 
put < ^,rl*nm >= (0"e~l«l'/2 ^„„(|^|2)^ we then find from (gHI) and 

\e g'Lm') + («+!- \e) g'nmm') + n = o, (52) 

\e CM?) + (« + !- m CM?) + {m-a) = 0, (53) 

thereby implying that a = n — m and gnm{\^?) oc for m — n > in agreement with 

()31|) . Again we find that the above boundary condition for |,^| oo underlies the discrete 
eigenvalues 0, 1, 2, ■ ■ ■ , required of the operators a^a and b'^b. 



C. Relations between Hermite and Laguerre polynomials 

Let us first evaluate the transformation function < ^i,i]i]ei,e2\C,,^^* > directly, that is, 
by subsituting the explicit expressions and therein and using the same technique 
as given in Appendix 1. The result then is as follows: 



where 



V ZTT 



1 



V2^ 



log J ^ hm [-— ^- {-e.XiO' - e.XivD' - e^lvl + CiiC + ^2^, 

+e(l + 2eie2A - Aeie2X^)r]lC + 2eeiAr/*e - aeiesA^* 



log(l - 4eie2A^ 



(54) 



(55) 
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The expression fj33jl is simplified, however, for the case ei = €2 = + 

/ 2 2 \ 

/ = V2^6{x + ey- 2^) exp [(^^^^ + 1^1' + - ey))/2 
where we have put ^1 = x, rji = y. Combining (jMj) with (j^Uj) we obtain 



(56) 



< X, y; +. + 1^, eC >= S{x + ey - 2^,) e 



i^i(x-ey)/2 



(57) 



Similarly, we have for the case ei = 62 



< ix,iy]-. - \^,eC >= ^ 5{x - ey + 2^i) e 



(58) 



where ^1 = ix, rji = iy, and for the case ei = +, 62 



< X, iy; +, -|^, eC >= —e^^^s'/^+iC^x-i.^.y-i^,?, 

2tc 



(59) 



where ^1 = x, 771 = iy. 

Next, by use of Q and (fT^ we can rewrite < ?T,.m|^,e^* > with, e.g., tt, — m > as 
follows: 



1 



—00 
00 



V2 



irniml j -00 



dxdy < n, m\x, y; +, + >< x,y : +, +|^, e^* > 
dxdy <x,y: +,+1^,6^ > e'^^^H^ix) Hm{y)- 



(60) 



Taking account of (jM]) and (j37j) in the above, we obtain a formula to relate Hermite to 
Laguerre polynomials: 

/oo 
-00 

(n-m>0). (61) 

Incidentally, if in (jHIH) \x,y;—, — >'s are employed instead of \x,y]+,+ >'s, then the re- 
sulting formula will be essentially the same as (jHH). We add here that some special cases of 
(pT|) are found, for example, in 6[. 

If we put = and write = x in (|HT|). the formula will become 



/oo 
dy e'^y e-y'/' H^{y) H^{y) = m! e'^'/^ {tx)" ^^^"^(x^). 
-00 



(62) 
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Similarly, if we put = and write = x there, the formula will then become 

/oo 
dy e-^'/2 ^^^y ^ ^) ^^^y _^) = ^rn\ (a;)""'" ^^-"(x^). (63) 
-oo 

We note that (jUHj) reduces, for the case x = 0, to the well-known ortho-normality relation 
of Hermite polynomials. Furthermore, ()62|) also take the following forms: for n — m =even 

dy cosxy e'^'/^ H^{y)H^{y) = e'^'/^ ^^^y-m ^--(a;^), (64) 

and for n — m =odd 

dy sinxy e-y"/^ HMH^y) = -i e'^'/^ ^^^y-m ^^n— (^2^_ ^g^^ 

Lastly we note that if in (jUUj) |x, y; +, — >'s are employed instead of |x, y] +, + >'s, then 
the resulting formula will be 

/oo 
dxdy e'^"^/2 S^-e-''^ry^-(x^W)/i Hn{x)R^{y) 
-oo 

= 2V27rm!(ie)™e-l«l'/2e*«'«^C"'"^^""'(l^r)- (66) 
When the y— integration is carried out in the above and the formula 

/oo 
dy e"^ e-^'/^ HM = 2v^ e"^'' ^"i/„(2x) (67) 
-oo 

is used, dnni) will be reduced to (jHH)- For the case n = m and = 6 = 0, for example, 
will be 

/oo 
dx dy g-{a=2+y2)/4 H^{^j.~)Hn{y) = 2v^7rn!2", (68) 

-oo 

which can also be obtained by use of (jU7j) together with the ortho-normality relation of 
Hermite polynomials. 

V. EIGENVALUE PROBLEMS OF FIELD OPERATORS: THE WAVE- 
REPRESENTATION 

Having made the preliminary studies in the foregoing sections we now proceed to our 
main theme, i.e., the eigenvalue problems of 0(x, 0) and '7r(x, 0) given respectively by (0) 
and (Q. As already mentiond in sect 1, simultaneous eigenstates of 0(x, 0)'s or of 7r(x, 0)'s at 
all spatial points x are given as direct products of the respective eigenstates of the operators 
(a(0) ± a^{0)) and of {a{k) ± a^(— A;))'s with k & K, where upper (lower) signs are for 
0(x,O)(7r(f,O)). 
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A. Basis vectors 



First let us consider the case of 0). For the operator {a{0)+a\0)) of the mode k = 0, 
the eigenstate |^(0) > with eigenvalue ^(0) (real) is obtained from by putting e = +, 
C = ^(0), a = a(0), and replacing |0 > with |0 >p: 



1 

(2^1/4 



1^(0) >^ _L_^e-l«(°)l'/^e-("^(°))'/2e«(°)'^^(°)|0 >„ (69) 



where |0 >p is the state for which a(A;)|0 >p= for all fc's concerned and p < 0|0 >p= 1. On 
the other hand, for the operators {a{k() +a^{—k^)) and (a(— A^^) + a^(A;^)) of the mode k^ G K 
their simultaneous eigenstate \^{ki) > having eigenvalues ^{ki) and ^*{ki) respectively is 
obtained from p3|) by putting e = +, ^ = ^{ke), a = a{ki), b = a{—ke) and replacing |0 > 
with |0 >p: 

Thus, if we form a direct product such that 

1^(0); ^ ^ (*2), ■ ■ • >s |{(o) > > >»■■■ 



Afexp(-^) xexp(-l^) xexp(«0).t(0) 



kieK ki&K 

X exp( 5^ m,)a\h) + C{h)a\~h)) |0 >p (71) 
with M being a numerical factor, then the following eigenvalue equation will hold true: 

0(^, 0) ie(o); ■■■>= M^moy, ah), ah), ■■■>, (72) 

where the eigenvalue <f^{x) = <f^{x) is given as 



where uo^ = Uklf^^^j^^^- The function <f^{x) here may be interpreted as representing the matter 
wave associated with the eigenstate concerned. 
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The case of n{x, 0) can be dealt with in a similar manner. This time we have only to 
make use of (0) and with e = — , and the final result is as follows. The states defined 
by 

\r]{Oy, r]{ki), 7]{k2), ■ ■ ■>= \r]{0) > ®\r]{h) > ^Ivih) > ® ■ ■ ■ 



= Ar'exp(-M^) X exp(l^) X exp(.,(0)at(0); 
X exp(- Y: X exp(5^ a\h)a\-ke)) 

exp(^J2('nike)a\ke) ~ ri*ike)a\-h))\0 >p (74) 



MM 

2 

X 

kei^K 

with J\f' being a numerical factor will then satisfy the eigenvalue equation: 



7r(f , OMO); v{ki),v{k2), ■ ■ ■ >= Xvi^, OMO); ^(^i), ^(^2), • ■ ■ >, (75) 
where the eigenvalue Xrjix) = x'^i^) is given as 



ki€K 



^^^^-^77(0) + 2 ^ W ^3 (^?7r(/;;£) sin kex + r]i{ki) cos /c^f j . (76) 

The state vectors ()71|) have ortho-normality and completeness such that 
< e'(0); e{h),e{k2), ■ ■ ■ m-, ah), ah), ■■■> 

= 5{m - e'(o)) s{ah) - cih)) 5{ah) - eih)) ■ ■ • , (77) 

J ie(0); ah), ah), ■■■>< ao); ah), ah), ■■■1 = 1, (78) 

where S{^{k)) = 6{^r{k))S{Uk)) and = d^{0) <fah) d^ah) ■■■■ This is because each 
factor state thereof satisfies ((Zj) and as well as (j26|) and p4|l . The same holds true, 
of course, of the state vectors ((ZH). The whole of (ffT|) or of (ffljl thus constitutes the 
basis vectors of what we have called in sect 1 the wave- represent aion of the quantized field 
concerned. The transformation function to connect this with the usual Fock or particle- 
representation is given as the product of those of type (fT^ and 
An arbitrary state | > can be expressed in terms of, e.g., (frT|) as 

I >= Jv^^ii{m;ah),ah),---)\ao);ah),ah),---> (79) 
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with ^^(^(0);^(A;i),^(fc2), ■ ■ ■) =< ^(0); ^(^i), ^(^2), ■ ■ ■ | >. Further, how the operators 
0), n{x,0) and their spatial derivatives act on | > or on the probabihty amphtude 
\l/(^(0); ^(A^i), ^(^2), ■ ■ ■ ) can be seen from the following relations: 



■1 6 



7r(f,0)| >= / 



■^(e(0);e(A:i),e(A:2) 



my, ah), ah) 



where ^^{x) is given by (f75j) and 

6 



hujo d 
2^dii0) 



d d 
+ 1- 



keGK 



-ikfX 



d 



d 



— I- 



2c2L3 9^(0) ^ V 2c2L3 
— sin kgx 



fi^ke f ^ 

COS k£X 



d 



dUh) 

In the above we have taken account of the relations ()37p and ()38|). 

Incidentally, the expectation value of 0(f , 0) for the state (f7^ is written as 



< |0(f,O)| >=$(0) + ^ U{k)(^^'^ + ^*{k)e 



-ikx 



keK 



where 



$(0) 



pee(o)i^(e(o);e(^i),e(^2), 



v^ak)\^{m;aki),ah) 



>, 



(80) 



(81) 



(82) 



(83) 
(84) 



The above quantity (j82|) may be interpreted as the matter wave associated with the state 
I >• 



B. Quantum representatives of classical fields 



The basis vectors ()7H) or ()74|) are not nomalized to unity, however. For evaluating 
physical quantities it is more convenient therefore to employ instead Gaussian wave-packets 
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with width d (> 0) around the point (^(0); ^(^1)5^(^2)5 ■ ■ ■ ) such that 



ie(0);e(A:i),e>2),---;c?» 

= jv^ ^|(e(0);e(A:i),e(A^2),---) l^(0);^A),^(^2),---> 

= |e;ci» (85) 



with 



^ V/' ( \m~m\ 



exp 



2TTdJ V Ad 

X 



n 4,exp(-»^), ,sa) 



and similarly for the case of (j74j) . The scalar product of two such states is then found to be 

ki&K 

showing that the two states are approximately orthogonal only when some of the (|^ — 
^'P/(i)'s are far greater than unity. 

Let us now evaluate the expectation value of 0) with respect to the state (jHH|) . By 
using (|H^ ~ (|HH|l together with the relation ip^^^i{x) = (p^{x) + <p^'{x) we find 

= ^ ^^^^3 ^(0) + \l 2uiL^ {^r{ke) cos hx - sin k^x 

(88) 

Thus, given a classical field fd{x) = f^{x) we Fourier- analyse it to determine its Fourier 
coefficients. From (jHHj) we can then determine the ^(0) and ^(fc^)'s, and then from ()85|) the 
corresponding state |,^; d In this case, we then have <^ ^; d\(j){x, 0)\^;d ^= ipci{x). More 
generally, if any state | > satisfies the relation < |0(x, 0)| >= we shall call this | > 

a quantum representative of (fd{x). Thus, the above ^ is one of such states. 

The operator tt{x, 0), on the other hand acts on d ^ as follows: 

7r(x,0)|e;rf»= J V^n^_-^{x) vI/^-(e(0);e(fci),e(fci),---) 1^(0); ^(^i), ^(M, " ■ ■ >, (89) 
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where 



^^{0) + 2j2 J ^{Uh)coshx - Uh)smkix}]. (90) 



It thus follows that 

<^;d|7r(f,0)|e;rf>= 0. (91) 

Lastly we collect the expectation values of some relevant quantities in the limit K ^ K 
and L — > oo: 



< c?|0(fi, 0)0(^2, 0) IC; >= V3f(xi)v95-(f2) + ^ ^ | ^i(/^|^i - ^2!), 

<e : rf|7r(xi,0)7r(f2,0)|e;c?>= --^^( .^ ^ ^ . ) ir2(/i|fi - ^2!), 



(92) 



(93) 

ci|7r(xi,O)0(f2,O)|^;d>= -y5(xi - X2), (94) 

where -fCy's denote modified Bessel functions. 

Further the expectation value of the total number operator reads 

keK k£K k£K 

where we have put C,{—k) = C,*{k) in accordance with (fTSj) and ()88p. The last result implies 
that the total number of particles is proportional, apart from an additional constant, to the 
absolute square of the corresponding classical field ipd{x) = f^{x) given by 



VI. TWO KINDS OF VACUA 

It is usual in literature to define the vacuum state as the one containing no particles 
therein, or in our terminology, as the ground state in the particle-representation. As 
mentioned in sect 1 let us call this state the particle- vacuum |0 >p. Similarly, the wave- 
representation is expected to have its own ground state, or the wave- vacuum |0 >^. This 
should be the one in which the field variables 0(x, 0), loosely speaking, completely vanishes. 
More precisely, it is to be defined as the eigenstate of 0(x, 0) with eigenvalue (p^{x) = 0, 
that is, 

|0 >^.= |e(0); e(^i), e(4), ■ ■ ■ >Lii akys=o ■ (96) 
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It is then easy to show that the basis vectors, e.g., ()71|) . in the wave-representation can 
be created from 10 >^ as follows: 



|e(0);e(fci),e(fc2) 



(97) 



where Dq and Dr are unitary operators such that 



^o(0=exp[l(eat(0)-r«(0)) 

= exp {ia\k) + Ca\-k) - Ca{k) - ia{-k) 



and satisfy 



(98) 
(99) 

(100) 



We note that the above operators play the role similar to the so-called coherent operators 
with which to create coherent states from |0 >p (cf. for example [7]) , but unlike these they 
have the property (ITnn|) or the commutativity [Do{^), Do{^')] = [D^{^), Df:{C)] = 0. 

Let us now turn to studying further properties of two kinds of vacua. When taking 
account of (fTTIjl and (jSHj), we can write the particle- vacuum |0 >p as 



10 >„ 



1 \i/4 



27r 



IC(0)P/4 



n 

ke&K 



-|S(MIV2 |e(0);e(fci),e(4),--->. (101) 



The right-hand side of ()101|) provides actually the exact and explicit expression for what is 
commonly known as the vaccum fluctuation of the field. It is worth noticing here that |0 >p 
of the above form, ()101|) . coincides with 



|0 >p= |0;0,0,--- ;rf>|rf=i 



(102) 



As for the wave- vacuum, on the other hand, it is more realistic physically to adopt, 
instead of the above |0 >u), the wave-packet state (j85|l with all ^'s = 0, that is. 



|0 >^ = |0;0,0,-- - ;c/>|d«i 



2), ■ ■ ■ >, 



(103) 



which is to be contrasted with ()102|] . 



19 



In this connection it may be of interest to know about the particle contents in the state 
(jH3|) . To do this we first hmit ourselves to the case of mode k = 0, and denote by |n > and 
1^ ^ the state vectors for this mode in the particle- and wave-representations, respectively. 
By use of we find after some calculations that 



Incidentally, for ,^(0) = this is non-vanishing only for n = even, whereas for d = 1 this 
reduces to (^^(0)/2)"exp(— ^^(0)/8)/v^, which in the case of ^(0) = is non-vanishing 
only for n = 0, as expected from ()102j) . 

For the case of mode {k,—k) with k & K we similarly denote by \n,m > and |^ 3> 
the relevant parts of the basis vectors for this mode. By virtue of (j3T| we obtain, e.g., for 
n — m > 0: 



* s=0 

where 

jin,m,s) _ ^-(d+Dr^d ^^-^(^2)^ 

Jo 

j{n,m,s) = r e'^''-"'^\Uk) cose + ^(fc) sine)^ (106) 
Jo 

_ — * — — * 

In the case of ^r(^) = 6(^) = corresponding to |0 "we find that I2 = 2'K5nmSso- Then 
Ji for this case is easily calculated, to give the final result 

< n,m|e>|g-(fc)=o = (^qry) ^nm. (107) 

This implies that for the state |0 the partcles appear only in pairs with opposite momenta 
±hk, and its probabilities are the same for all /c's. This property of |0 is also shared by 
|0 >^, as may be seen from pUj). All the results obtained above shows that the two kind of 
vacua are of the nature mutually complementary. 

We are now in a position to see the reason why we have had to restict the region of /c^'s 
to K. The above results (jl04|) and (jl07p show that if K is extended to the entire region 
K, the inner product | < 0|0 | will take the form of an infinite product such as tq Yle ^£ 
with all r's being smaller than unity, hence | < 0|0 | — > 0. This in turn implies that the 
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particle- and wave-representations tend to be inequivalent with each other, a situation we 
just wanted to avoid. The same is also true of | p < 0|0 >^ | as seen from (fT^ and 

We end this section by making a physical remark. Physical results to be compared with 
experiments, such as (ll(J4j) ~ (jl(J7|) . depend of course on the parameter d. Needless to say, 
its magnitude should be so chosen as to be far smaller than the accuracy in measuring the 

VII. FURTHER REMARKS 
A. Two kinds of superposition 

In field theories one and the same word superposition is used in regards to two different 
objects, that is, classical fields (or waves) and quantum states. The two kinds of superposi- 
tion are quite distinct concepts, and as shown below they naturally give rise to differences 
in physical results. Thus, to make a distinction between the two let us hereafter use the 
words c- and q-superposition for the former and the latter, respectively. 

In sect 5 fcf. lf?^ ) we have interpreted the eigenvalues f^{x) of the field operator 0(x, 0) 
as representing the matter waves associated with the field. As already mentiond, it is clear, 
from the definition of f^{x), (fTSj). that 

(p^{x) + !f^>{x) = (fi^+^ix), (108) 

which is a c-superposition of two c- number quantities or matter waves ^p^{x) and ip^>{x), 
to form a third such quantity (p^+^>{x). On the other hand, we may consider another, q- 
superposition of the corresponding two eigenstates of 0(x, 0), |^(0); ^(/ci), ^(^2), ■ ■ ■ > and 
l^'(O)^ 'C'(^i)) '^'(^2)5 ■ ■ ■ >! having the eigenvalues (p^{x) and v^f(x) respectively. In this 
case, however, the result of superposition is not equal in general to |,^(0) + C,'{0); C,{ki) + 
^'(^1)1^(^2) + ^'(^2), ■ ■ ■ > , having the eigenvalue ip^+^'{x) (as is clear from the definition 
(17111 ). That is to say, we have in general 

\m; e(M, ■ ■ ■ > +ie'(o); e'(^i, e'(4), ■ ■ ■ > 

7^ \m + r(0); ah) + C{h),ah) + r(4), • ■ ■ > . (109) 

This clearly indicates that the two kinds of superposition should strictly be distinguished 
from each other. 



21 



The inequality of the type ()lU9p holds also for quantum representatives \^;d^oi classical 
waves ^p^{x). To see this let us consider two states |1 > and |2 > defined by 

|1 >^ I le; d » +|f ; d » |}/V2(1 + 

I2>=i(e + e')/2;rf», (110) 

where D =<^ C,'] d\C,; d ^ > 0, and the two sates |1 > and |2 > are so adjusted that for the 
case ^ = ^' we have |1 >= |2 >= c? 

It is then easy to show that the inequality |1 >y^ |2 > by actually calculating some 
expectation values with respect to each of these states. We have, for example, 

< l|0(f,O)|l >=< 2|0(f,O)|2 >= l{<^^-(f) + <^^-,(x)}, (111) 

< l|0(fi,O)0(f2,O)|l >=< 2|0(xi,O)0(x2,O)|2 > 

+ ^^-^ ^^^^ {y^g(^i) - ¥'f(^i)}{<^#2) - ¥^^-'(^2)}; (112) 

< l|7r(f,0)|l >=< 2|7r(f,0)|2 >= 0, (113) 

< l|7r(fi,0)7r(f2,0)|l >=< 2|7r(fi,0)7r(f2,0)|2 > 

~MiTd) ''(«i-f')(^i)m-e)(^2); (114) 

thus for the energy density H{x) = {c^7r^(f, 0) + (V0(x, 0))^ + /i^0^(x, 0)}/2 



< i\n{x)\i >=< 2\n{x)\2 > 



8(1 + D) 



;ii5) 



The above is enough to show that |1 >^ |2 > in general, hence the inequality of the 
type ()l()9p . It is also clear that the two states, |1 > and |2 >, leads to a difference in the 
interference effects that arise originally from the c-superposition of <f^{x) and (p^/{x). 

Summarizing, the lesson we learn from the above is that the c- and q- superposition 
should be kept distinct in discussions of quantum fields. 
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B. Applications to the electromagnetic and other fields 



Let us first consider the case of electromagnetic fields. In the Coulomb gauge the vector 
potential A{x, 0) is written as 



i(x,0) = E '-^{a{k,j)e^'^' + a\k,j)e-^^''}. (116) 



— * — * — * 

Here iVk = c\k\, and e(/c,j)'s are unit vectors perpendicular to each other as well as to k. 
For k = the vectors e(0,j)'s are not definable, but the corresponding terms in A, if any, 
may be eliminated by means of a gauge transformation whose gauge function is of the form 



const. ■ X. And for k E K we may choose them in such a way that e{—k,j) = e{k,j). Then 
A{x,0) can be cast in a form similar to 0: 



+ (^a{-k,j) + a\k,j)y^''^^}, (117) 



so that our method of the wave-representation developed for the operator (j){x, 0) can be 
straightly applied to the operator A{x, 0) in the above form. In this case the corresponding 
expressions for the field strengths E{x, 0) and H{x, 0) become 



E{x,0) = i\j ^ ^ e(A;, j)|(^a(A;,j) - a\-k,j)^e 



ikx 



-(at(fc,j)-«M,j))e-^''^^}, (118) 



ikx 



Him^'f-^EE "'^g'^» {(a(g.,)+a'(-g.,))e' 

-(at(fc,j) + a(-^,j))e-^^^^^}. (119) 

Now the eigenstates \^{ki,ji),^{k2,j),--- > of the operator A{x,0) can be obtained 
simply from (ffT|) by making some obvious modifications. An arbitrary state vector | > is 
then written as 

I >= j pe^(e(^i,ji),e(4,j2),---) ieA,ji),e(4,j2),--->, (120) 

where J T)^ means both the integration and summation over all /c^'s and j^'s. In this case 
various operators act on this state in the following manner. 

A{xM>= j I^^^€(:?)^(e(^i,Ji),e(4,j2),---)le(^i,Ji),e(4,j2),--->, (121) 

23 



where 



A^{x)^2^^^J2Yl ^^{Uk,j)coskx-Uk,j)smkx]; (122) 



E(x,0)| >=-2J-— J] J] v^e(^,j) 



L3 



X / [|cosA;x ^ \-smkx 



(123) 

H{x,0)\ >= J n^{x) M/(^(^i,ji),e(4j2),---) 

x|e(^i,ji),e(4j2),---> (124) 



with 



= X A-^{x). (125) 



Further, in a way similar to ()85|) and ()86p we can also construct wave-packet states 
|e;c^»= y" De%(e(^i,Ji),e(^2,j2),---)ie(^i,Ji),e(^2,j2),---> (126) 



with 

'Trd 



Wi,ji),e(4j2),---)- n n 2d )• ^'2'^ 

In this connection, the following expectation values may be of interest: 

<^^;d\A{x,0)\^;d:^= A^ix), (128) 

«e;rf|i(f,0)|e;rf»=0, (129) 



<^;t^l^(^,0)|e;rf>=H^-(x); (130) 

Stt^I 
l?d 



< d\ {E{xi, 0) ■ E(f2, 0)) >= J] COS fc(xi - X2), (131) 



< ^; (i| (^(fi, 0) ■ H{x2, 0)) 1^; >= ^ lu^ cos A;(fi - fa) 

+7Y^-(fi)-H|(f2); (132) 
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and for the energy density £{x) 

^(^) = ^ E + ^) + ^^f(^) ■ ^f(^)- (133) 

keK 

Needless to say, the terms involving in (jl31|) ^ (jl33j) correspond to the respective wave- 
vacuum values in the limit d —>■ 0. Incidentally, the roles of E and H in the above relations 
are , so to speak, interchanged, if the basis vectors of the form (f?^ are employed. 

The two kinds of vacua and other properties can be argued in the same way as in the 
preceding sections. It is thus expected that our wave-representation will be useful, e.g., in 
quantum optics, especially in clarifying the wave aspect thereof. 

Lastly we spend only a few words about the case of Fermi fields. It is, of course, possible 
to formally construct the wave- representation by use of Grassmann numbers 0, |^. Since, 
however, such numbers cannot directly be related to observable quantities, we should say 
that the wave-representation would not be so useful as in the case of Bose fields. 
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APPENDIX A 

1. Proofs of dH) ~ dH) 

A repeated use of Hausdorff 's formula allows us to make an anzatz: 

g±Aa2g-A(at)2 ^ g-a±(A)(at)2g-/3±(A)(ataW)g-7±(A)a2 

which is justified, however, by showing that the coefficients a±, P± and ■j± are uniquely 
determined. Here the parameter A, serving below as a regulator, is assumed to be —1 < A < 
1. To show this we first differentiate ()A1|) with respect to A and compare the coefficients 
of the operators a^, {aa^ + a^a) and (a^)^ on both sides, thereby obtaining the following 



25 



(Al) 



equations: 

/?± + 7± A(1±A2) = ±^, 

d± + 4/5± a± + 7±A2 = ^. (A2) 

The solutions of these differential equations under the initial conditions a±(0) = 0, P±{0) = 
and 7±(0) = are 

«±(A) = T7±(A) = /5±(A) = ^log(l±A2). (A3) 

The above method of deriving ()A1|) is originally due to Sakoda [10]. Using ()A1|) we then 
have 

Substituting into ()A4|) the above a+,/3+ and 7+ and doing the same for a_,/3_ and 7_ 
we obtain respectively 

< Ok-e*»V4<»'.'e...|0 ^ exp{z|;:^|e.p(J;i,), (A5) 

and 

We can now show that ()A6|1 in the limit A ±1 leads to < ^',e|^;e > (apart from 
normalization). First for the case e = +, we put there X = 1 — k,,^ = C,r and C,' = C,'^ to find 
in the limit k — > 

< e ^ e > > = lim ^= e e * 



= V2ne^Si^r-a. (AT) 
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Next, for the case e = — , we put X = —1 + k,^ = i^i and ^' = i^l to find similarly 
< 0|e* 62 |0 > = lim^= e 4« e * 



= 72^6^5(6-4')- (A8) 

Relations ()A7|) and ()A8|) lead to (j?!) in the text. Lastly, putting in ()A5|) A ~ 1,^ = and 
4 = i^', we then find 

thereby proving (jH}. 

On the other hand, for proving © we proceed as follows: 

d^^r; + >< 6;+ 1 

^ oo oo 

= ^= ^ nlv^^nmln >< m| = ^ |n >< n| = I, (AlO) 

* n,m=0 n=0 

where use is made of flll|) . The case e = — can be dealt with in the same way. 



2. Proofs of dnj and (|TH|l 

By using the expression 

g-f(at)2+5at 

oo ^ oo ^ n. 



1 r 



n=0 n=0 r=0 

oo n oo n 

n=0 r=0 n=0 r=0 ^ 



n+r 



(All) 

we find 





1 


(27r)i/4. 




e-IClV4 


1 


(27r)i/4. 




e-IClV4 


1 



2f 

r=0 ^ 



(2^)T7I7;^EbE™C,.(-^)n!W (A12) 
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Thus, for the cases n = even = 2k and n = odd = 2k + 1, (1X131) can be rewitten 
respectively as 

+ 2fc-2C2 7771 7777 ~7T7 ) + " " " + 2k-kCk 



{2k-2)\\ 2^J {2k-k)\\ 2^ 

I A ^ ^2k- 



and 



< 2k + l\i-e> 

e-|«lV4 ^ . £2fc+l f2fc 

^2fc-l , g . 2 ^2fc+l-A: 
+ 2fc-lC2 7777 7T7 I —77- ) + • " " + 2k+l-kCk 



{2k-l)\\ 2^J ^ {2k + l-k)\\ 2i 

51 V4 ^ ^2fc+l-r 



(2^)i/4-V(2FTT)!E (2fc+i_r)!(-2f) 



Now Hermite polynomials defined by 

Hr.{x) = (-l)"e^'/2 = 5^(-l)'-(2r - 1)!! „C2. x^-'^ (A15) 



r=0 



takes the following forms for n = even or odd: 



^ (2r)!(2A;-2r)!l 



(2/c)!x2'=^ r!(2A;-2r)!( 2x0 

(2r - 1)!!(2A; + 1)! / 1 



r=0 
k 



i^2.+i (a;) - X 2. f2r)!f2A:+l-2r)! I 



(2r)!(2A;+ 1 -2r)! V 
(2A; + l)!x2'=+i^ ^,^2A;+l-2r)!("2^ 



r=0 



(A16) 
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where use is made of the relation 

(2r)! = (2r)(2r - l)(2r - 2)(2r -3) ■ ■■ X 2 ■ 1 = 2V!(2r - 1)!! . (A17) 

Putting, in (IXT3|l and (IMill . e = +, ^ = Cr, = l/Q or e = -1, ^ = i^u e/(^ = and 
using ()A16|) . we arrive at (fT^ and (fT^ . 

3. Proofs of dUD and (p7|l 

The whole arguments run in parallel with the case of Appendix 1. We begin by noticing 
the relation 

e-^'^^(ea^ + 7]b^)e^''^ = {^a^ + r]b^) - 7(^6 + r^a), (A18) 

we have 

Next, by putting = {a'^a + h'^h) we have 

e-^^{ia^ + rih^ - -f^b - -fr]a)e^^ = e'^^i^a^ + 7]b^) - ef^-f{^b + r]a), (A20) 

so that 

= exp{e-^(ea^ + r]b^) - e^^{^b + r]a)}e-'^^e-^''\ (A21) 

Similarly, we have also 

Using these relations we can then proceed as follows: 

= e-°«'*'''*e-''«^e«'*«^"''e'''*''^''e-^. (A23) 



29 



In a way similar to the case of ()A1|1 we can show that 

where — 1 < A < 1 and 

«±(A)=7±(A) = ^^, ^±(A)=log(l±A2). (A25) 
Using ()A24|) we can write 

which owing to ()A23|) becomes 

= e-^±r,\-^ii,er(e-^^e,'*,e-i^^e-(^±_ (A27) 

In the last expression we substitute (5_,/3_,7_, given by ()A25|1 . r] = e^*,r]' = e^'* , and 
A = ±(1 — k) according as e = ±. Then the resulting expression leads, in the limit k ^ 0, 
to (|X26|) when use is made of the formula 

Similarly, in ()A27|) we substitute a+, 7+ given by ()A25|) . V = Cv' = ~C* and X ^1, 
thereby obtaining the expression corresponding to ()A27|) in the text. 

4. Proof of dnU) 

The relation 



fi^f^e^^^latriO (A29) 



£=0 
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immediately leads us to 



— ^ < 0|6'"e''''^(-e6t + O"|0 > 
vn!m! 

^^<0|(6 + ryn-66t + er|0> 
\/nlml 



m n 



which for r/ = e,^* gives (jHT|) when ()32|) is taken into account. 



5. Proof of dSil) 

By using and putting ^ = x + iy = re*^ we can proceed as follows: 
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J dxdy \ \^,eC >< e,eri 

1 /" CO n I j" 

= dxdye-^^^'f'{j2Y: {-er Ll^m') In, 



m > 



n=0 m=0 

oo m—1 



m=l n=0 
oo n' / ^ 

n'=0 m'=0 

oo m' — 1 



+ E E (^0"^''"' (-^)"' < n,m'\} 

m'=l n'=0 

„ oo n oo n' I j TT 

n=0 m=0 n'=0 m'=0 



oo n oo m' — l 



a'=l n'=0 



, nlm'l 

n=0 m=0 m —1 n—0 

-n—mi\c\1\ jm!—n' l\t:\2 
''m 

oo m—1 oo n' 



+ E E E E (,^*)™-n(^*).'-m' (_^)nW 

m=l n=0 n'=0 m'=0 

xLr"(|er)^"(ler) |n,m><n',m' 

oo m—1 oo m'—l 



+EE E E (.o—w)"'-"' 

m=l n=0 m'=l n'=0 

xL^-deD^^-'^'dei') |n,m X n',m'|}. (A31) 



The first term in the above exression can now be written as 



oo n oo Ji / I /I 

EEEEfef-r^-'K^x"'.'"'! 

n=0 m=0 n' m' 



oo n oo n I \ i\ 
n=0 m=0 n' m' 

x{y d{r')e-^\r'r-- LI;-{t') L;7'"(r^)}5„-m,n'-m' 

oon oon 

^-^ m! i (n + 1 ) ^-^ ^-^ 

= 2^ — i i — 1^' "^1 ~ 2-^ 2-^ 1^' '^'^ "^l" (A32j 



n=0 m=0 n=0 m=0 
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Similarly the fourth term therein becomes 

oo m—1 

1^' ^ "^1" (A33) 

m=l n=0 

On the other hand the ^-integration J (]j^e«("-»"+™'-"') in the second term vanishes since 
n — m + m' — n' ^ 0, so that this term gives no contribution to ()A31|) . Likewise for the third 
term. 

Collecting the above results, we are led to 

oo m—1 



/i,-^ Id 1,-^ lit, — J. 

dxdy 1^, e^* >< ^, e^*| = \n, m >< n, m| + |n, m >< n,m\ =1 (A34) 

n=0 m=0 m=l n=0 

that is, (jnH). 
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